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Transitional Flow over an Elliptic Cone at Mach 8

Xudong Xiao,*J. R. Edwards,” and H. A. Hassan*
North Carolina State University, Raleigh, North Carolina 27695-7910

The k-( transitional/turbulence model is used to study the transitional flow over an elliptic cone of aspect ratio
of 2:1 at Mach 8 and a range of Reynolds numbers. Although the configuration has been the subject of detailed
experimental and computational investigations, it has not been possible to determine with certainty the instability
mechanisms responsible for transition. The present analysis suggests that none of the obvious mechanisms, i.e.,
second-mode or crossflow, are responsible for the transition. Instead, a form of bypass transition resulting from
large-amplitude disturbances appears to reproduce quite well the experimentally measured heat-transfer data and
the onset and the extent of transition over a wide range of Reynolds numbers.

Nomenclature

= model constant (second mode)
constant, 0.09

model constants; Egs. (13) and (15)
model constant (crossflow)
roughness height, ft

kinetic energy of fluctuation per mass, ft*/s
Mach number

pressure, 1b/ft>

heat flux at wall, Btu/ft?/s
Reynolds number

strain tensor

distance from vertex, ft
location of transition onset, ft
freestream fluctuation intensity
phase velocity, ft/s

mean velocity, ft/s

edge velocity, ft/s

parameter defined in Egs. (18) and (19)
intermittency
boundary-layerthickness, ft
displacement thickness, ft
enstrophy, s~2

wavelength, ft

viscosity, 1b - s/ft?

kinematic viscosity, ft*/s
parameter defined in Eq. (16)
density, slug/ft*

timescale, s

stress, 1b/ft?

decay time, s

frequency, s
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Subscripts

bp =
cf =
e =
nt =

bypass

crossflow
boundary-layeredge
nonturbulent
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Introduction

T is generally believed that three instability mechanisms are re-

sponsible for transition over three-dimensional bodies in con-
ventional hypersonic tunnels. These are second mode, crossflow,
and a form of bypass transition' resulting from high disturbance
environment (HIDE). Disturbances of such amplitude cannot be de-
scribed by linear stability theory. In general, the bypass mechanism
discussed by Mokovin! covers a class of transitional flows where
the linear Tollmien-Schlichting (T-S) mechanismis completely by-
passed by a nonlinear mechanism.?

To understandthe role of such mechanisms, the flow over an ellip-
tic cone of aspectratio two and zero angle of attack at Mach number
of eight was a subject of extensive investigation by Kimmel et al.?
and Poggie et al.* The experiments were conducted at Tunnel B of
the Arnold Engineering Development Center while computations
were carried out using codes based on parabolized Navier-Stokes
equations and e" methods. Because of the complexity of the flow,
the instability mechanisms were not identified. It was suggested,
however, that a combination of traveling or stationary crossflow and
second-mode instabilities might be the cause.

Because Tunnel B is characterized by freestream fluctuation in-
tensities in excess of 1% (Ref. 5), the instability mechanisms sug-
gested in Refs. 3 and 4 may not be the only ones responsible for
transition. Further, because no single dominant instability mecha-
nism was identified in the flow it is possible that resulting transition
can be a result of nonlinear mode interactions. Thus interpretation
based on linear stability theory might not be adequate.

Attention in this work is thus devoted to exploring the role of
HIDE on transition in three-dimensional flows in conventional hy-
personic facilities. The approach to be used is based on the k-¢
transitionalturbulence model. In this approach transitional flows
are treated in a turbulencelike manner with the nonturbulent eddy
viscosity deduced from the instability mechanism responsible for
transition.5 The theoryinits presentformis capable of treatingboth
natural® and HIDE transitions” The mechanism of natural transi-
tion can be derived from linear stability theory. This, however, is not
the case for high-amplitude disturbances. As a result, dimensional
considerationswere used in Ref. 7 to deduce relevant timescales (or
the frequency of the most amplified mode at a given location) for
HIDE. This approach was demonstrated for transitional hypersonic
flows in both quiet and conventionalfacilities for straight and flared
cones at zero angle of attack.®® Based on these investigations, it
was found that transition was not a result of the growth of a sin-
gle mode. Rather, when considering two-dimensional/axisymetric
flows a linear combination of HIDE and second-mode mechanisms
better reproduced experimental results in conventional hypersonic
facilities, whereas a linear combination of the first oblique mode
and second-mode better reproduced experimental results in quiet
hypersonic facilities.
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Calculations were carried out for the three candidate instabil-
ity mechanisms: second-mode, crossflow, and HIDE. Because the
surface pressure is approximately constant along rays emanating
from the vertex, a criterion based on a minimum heat flux was em-
ployed to determine transition onset. Calculations are presented for
four Reynolds numbers. Based on current and earlier calculations, it
appears that transitionin conventional hypersonic facilities is dom-
inated by large-amplitude disturbances.

Formulation of the Problem
Approach
In the transitionalturbulence k-¢ model the eddy viscosity is
set as

(I =T + Ty

where 4y is the eddy viscosity resulting from the nonturbulentfluc-
tuations; i, is dependenton the instability mechanisms and can be
written as

tne = Cpkty, C, =0.09 1)
where 1, is the timescale of nonturbulent fluctuations. In general,
T, 18 deduced from the frequency of the most amplified mode at
a given location. In addition to modifying the eddy viscosity, the
dissipation time scale in the k equation is chosen as

Vn=0-D)/tkn+ T/t @)

Expressions for ,, and 7, ,, were developed®!° for crossflow and
second-mode instabilities, whereas expressions appropriate for tur-
bulent flow were taken from Ref. 11. The desired expressions for
HIDE transition were developed’ in terms of Re,, where s is the
distance along the surface in the mean flow direction. Such a for-
mulation is not suited for three-dimensional applications and thus
was rederived here in terms of Reg-.

Expressions for the Various Timescales
Second-Mode Mechanism

AtMach numbershigherthanapproximatingfour, the transitional
process for two-dimensional/axisymmetric flows without curvature
is dominated by second-mode disturbances. Second-mode distur-
bances are acoustic disturbancescharacterizedby large fluctuations
in pressure and temperature that are much larger than velocity fluc-
tuations. For this mode 7 is chosen as

Tsm — b/wsm (3)
Osm = Up [Asm 4)

U, is about 0.94 of the edge velocity V,, and A, is approximately
26. In addition,

1/Tk.sm = b(M“[/M)SmS (5)

where

1{ ou; ou;
SZ=SI"SI", Si'=_ — —L 6
Y ! 2(8x,~+8xi> ©

The value of b is chosen as 0.054. This value was arrived at in Ref. 8
from calculation of flows in a quiet tunnel at M =6.

Crossflow Mechanism

The wavelengthof the dominantcrossflow disturbancevaries with
the boundary-layer thickness §. In addition, crossflow instabilities
are sensitive to surface roughness. It is shown in Ref. 10 that

Tef = f)‘ct'/ Ve (7)

where f dependson the surfaceroughness; A is in the range 3 ~ 44.

Miiller and Bippes'? demonstrated that the wavelengths of both
traveling and stationary crossflow disturbances were the same but
shifted in phase by A./2. A value of A =3.58 was adopted,'® and

this value will be employed here. The model constant f is a function
of the surface finish and was correlated'” as

f = 0.003[(h/heer) "*Re, — 0.92] ®)
where

Bre = 1 um, Re, = V,h /v, ©)

and h is peak-to-peakdistributedroughnesslevel. For rms measured
levels a sinusoidaldistributionis assumed, and the level is increased
by a factor of /2. For the present calculation /4 is assumed to be
0.814/2 um (3.758 x 107° ft) (Ref. 13). The contribution of cross-
flow to the dissipation timescale is given by

l/fk.cf = f(PLm/M)Ct'S (10)

The correlation indicated for f in Eq. (8) was arrived at from con-
siderationof low-speed flows. Itis not clear whether the same corre-
lation will hold for high-speed flows. In spite of this, no adjustment
of the model constant was made.

The timescales of second-mode and crossflow instabilities are
proportional to §/V,. Thus, although one can distinguish these two
types of instabilities from wavelength or frequency measurements
7¢ and Ty, have essentially the same functional form, and, thus,
predictions based on these two instabilities are somewhat similar:

8/V. = (v/V?)Res = (v/V?)Res (5/5%) (11)

HIDE Mechanism

The timescales for the HIDE mechanism were derived in Ref. 7
and were used in Ref. 9 without any adjustmentto study transitional
axisymmetric flows in conventional hypersonic facilities. Because
of the desire to avoid calculatingtypicalboundary-layerthicknesses,
the correlations were developedin terms of Re,, where s is the dis-
tance measured along rays emanating from the vertex. Such corre-
lations are not suited for three-dimensionalflows. Instead, we opted
to develop correlations in terms of §*. The resulting expression for
the time scale 1y, is

tp = 1 (v/V?)Re (12)

In the configuration under consideration, dp /ds ~ 0 along rays em-
anating from the vertex. This observationmade it possible to deduce
¢, from the results of Ref. 7. Because

§* Reg« ! op L
—_ = ~ Re; *, — =0, Res+ ~ Re;
s Re, as
and therefore
¢ =2 x 0.9448Tut ~ 2.0 (13)

where Tu is the average freestream fluctuation intensity."* As indi-
cated in Ref. 5, this quantity is a function of both the Reynolds and
Mach numbers. Because such informationis, in general, not readily
available, the theory of Ref. 7 was based on an average value. The
value of Tu=1.25 was deduced from Ref. 5 and used in Ref. 9.
Because we are dealing with the same facility and the same range
of Reynolds and Mach numbers, we opted to use the same value
used earlier. In general, different values of 7u will resultin different
values of ¢,. The coefficient ¢; and the other constants indicated
next were arrived at from using the results of Ref. 7 and one of
the test cases that correspond to a body length Reynolds number
Re; =6.7 x 10°. Equation (12) is different from Eq. (11). Thus,
one would expect that the behavior of this mode of instability is
different from the others.

The contribution of the HIDE mechanism to the dissipation
timescale is given by

/Ty = [e3(in /1) + 4TS + cs(k /v) (14)

where
¢; = 0.00004, c3 = 0.00002, c; =0.15, ¢s = 0.001
(15)
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Intermittency and Onset Prediction Criteria

The intermittency I' employed here is taken from Ref. 9 and is
a modification of Dhawan and Narasimha’s expression' suited for
hypersonic flows in noisy tunnels. The expression for I" is

[(s) =1 —exp(—0.412%), & = max(s —s,,0.0)/8 (16)

Letting
Reg, = 9.0Re?f’75 (17)

then the high-intensity correction is given by

_ Bo, Tu <0.5
b= {ﬁU/ZTu, Tu > 0.5 (18)

and the Mach-number correction is given by

Bos Me* <7

= 1
’ {1+ [(y — 1)/21Me*) o, M7 P

where Me is the edge Mach number.

Because the surface pressure is almost constant along rays ema-
nating from the vertex, the onset is based on a minimum heat flux
criterion. Thus, s, that appears in Eq. (16) is determined along each
ray, as part of the solution, by the location where wall heat flux is
minimum.

Numerical Method

The Navier-Stokes equations are formulated in a cell-vertex fi-
nite difference manner, with the inviscid components discretized
using Edwards’s low-diffusion flux-splitting scheme (LDFSS).!6
This hybrid flux-vectorflux-difference splitting method captures
shock waves without any oscillations while resolving free shear
and boundary layers accurately. The upwind scheme is extended
to second-order accuracy using slope-limited variable extrapola-
tion techniques. Viscous and diffusion terms are discretized using
central differences. The governing equations are formulated in a
fully implicit fashion and advanced toward a steady-state solution
using a planar Gauss-Seidel iteration strategy.!” In this approach
each streamwise-normal plane is solved using generalized mini-
mum residual Krylov subspace method (GMRES).'8

An inviscid calculationis carried out first to determine edge con-
ditions. The boundary-layer thickness is determined as the height
normal to the surface at which the velocity is 99% of the edge ve-
locity. The transitional solutionis started from the laminar solution.
Because a minimum heat-flux criterion is used to determine transi-
tion onset, initial iterationsare run with an assumed transitiononset.
This procedure is carried out by selecting onset points at § =0 and
90 deg locations and employing linear interpolationfor the interme-
diate points. As long as the initial points are selected ahead of the
actual transitionallocations, the solutionis independentof the initial
guess. After some 70 iterationsin this mode, the minimum heat-flux
criterion is employed throughout. The planar Gauss-Seidel method
provides reasonably rapid convergence with fewer than 300 itera-
tions typically required to obtain a solution.

Results and Discussion

The present theory is compared with the experimental measure-
ments carried out on an elliptic cone in Tunnel B at a Mach number
M., of 7.93 and a stagnation temperature 7, of 1310.4R (728 K).
Comparisons are limited to cold wall conditions with a wall-to-
stagnation-temperatue ratio, 7,,/Ty =0.42. The broadband rms
mass flux was in the range of 1.2 to 1.5%. This quantity, which
is assumed in this work to represent the freestream fluctuation in-
tensity, is a function of the unit Reynolds number and Mach number.
As explained earlier, a value of 1.25 is used here. The experimental
model was a sharp-nosedcone with an elliptical cross section of as-
pectratio of 2:1 and length of 40 in. (1.016 m); see Fig. 1. The cone
half-angle is 7 deg along the minor axis. When using a cylindrical
coordinate system, 6 =0 deg corresponds to the top centerline, or
minor axis endpoint, while 6 =90 deg corresponds to the leading

6=90

Fig. 1 Coordinate system.
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Fig. 2 Timescale circumferential distribution (Re/L = 6.09 X 10°/ft).
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edge or major axis endpoint. Pressure and heat transition gauges
were placed on separate quadrants. The heat-transfer gauges con-
sist of 4.8-mm-diam Schmidt-Boelter gauges. These gauges have
an uncertainty of £10% in two-dimensional flows with greater un-
certainty (unspecified) in three-dimensional flows.

Figure 2 shows a comparison of timescales [see Egs. (3), (7),
and (12)] as a function of 6. These timescales are proportional to
the inverse of respective frequencies with the proportionalitymodel
constants being dependent on environmental conditions. Thus, the
inverse of the timescalesis not equal to measured frequency of most
amplified modes. The model constants are selected in such a way
that the nonturbulent eddy viscosity should be comparable to the
molecular shear viscosity before transition onset. The calculations
also indicate that 8, V,, and §/V, are maximum at # =0 deg and
minimum at 6 =90 deg.

Comparison with experiment will be carried out for four unit
Reynolds numbers (Re/L) of 6.09 x 10°,7.8 x 10°,1.03 x 10, and
1.98 x 10%/ft. Grid-refinement studies were carried out for the high-
est unit Reynolds number. Three grids were considered for one-
fourth of the cone, 129 x 33 x 73,129 x 65 x 73,195 x 65 x 73
along mean flow, circumferential, and normal directions, respec-
tively. The resolution in the normal direction was such that y* was
less than 0.7 for all unit Reynolds numbers considered. All results
presented here are for the 129 x 65 x 73 grid.

Figure 3 shows a comparison between predicted and measured
wall heat flux g,, at 0 =0, 45, and 88 deg assuming a second-mode
instability mechanism. As is seen from the figure, both the onset of
transition and the magnitudes of the heat flux are poorly predicted.
In an effort to explain the results, it is recalled that t,, scales like

5/V.
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The production of fluctuation kinetic energy in the nonturbulent

region is
u,; w\ s (v.\ V.
g "W\ 7)) "\ ) T (20)
0x; dy Ve \ 8 8

where 7;; is the stress of the nonturbulent fluctuations. Now, V, /8
is maximum at the shoulder. Thus, the model for this instability
mechanism suggests that transition should take place first near the
shoulderregion and notat the top centerline. This is notin agreement
with experiment. This somewhat qualitative argument may explain
the observed behavior.

Becausea similarscaling holds for the crossflow instabilitymech-
anism, similar results are obtained. The behaviorindicatedin Fig. 3
was typical of all other Reynolds numbers consideredin this work.
As a result, none of these results are shown here.

Figures 4-7 show a comparison of predicted and measured heat
flux for four different unit Reynolds numbers at 8 =0, 45, and 88
deg assuming a HIDE mechanism. As is seen from the figures,
generally good agreement is indicated for onset prediction, extent,
and heat flux. The only exceptionis peak heat transfer for 6 = 88 deg
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Fig. 3 Heat-flux distribution along the rays of cone (Re/L = 1.98 X
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Fig. 4 Heat-flux distribution along the rays of cone (Re/L=1.98 X
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at Re/L = 1.98 x 105/ft. For the lower Reynolds numbers transition
does not extend to the leading edge.

As is seen from Fig. 2, 7,, is much larger than either 7, or 7.
Because of this, coupling the HIDE mode with the other modes
does not change much the results shown in Figs. 4-7. Thus, it is
concluded that the HIDE mode is the mode that better reproduces
experimental results.

Although the presenttheory seems to suggestthata bypass mech-
anism resulting from the high turbulent intensity in the tunnel is
responsible for observed transition, we cannot rule out that this
mechanism can also be a result of interactions in the nonlinear re-
gions. These nonlinearinteractionscan involve dominantinstability
mechanisms in the linear regions such as second mode, crossflow,
and possibly others yet to be determined. The important point that
Mokovin' tried to make is that the so-called bypass transition, of
which HIDE is a subset, cannot be described by linear stability the-
ory. Because of this, it appears to be inappropriate to assume that
all transition mechanisms are a result of first, second, stationary,
and traveling crossflow modes. Some of these modes exist in the
flow, but evidently they are not the ones directly responsible for
transition. The fact that Poggie et al.* were unable to identify the
dominant instability mechanism in the flow suggests the existence
of other mechanisms and points the need for additional experiments
in quiet tunnels using the configuration considered here.

Conclusions

The present work represents the first successful attempt at calcu-
lating three-dimensional transitional flows in conventional hyper-
sonic facilities. Moreover, it suggests that the dominant transition
mechanism is a form of a bypass mechanism resulting from large-
amplitude disturbances. Although the high freestream fluctuation
intensity is a major contributing factor to the instability mechanism,
we cannot rule out at this time the influence of the nonlinear inter-
actions involving instability waves that are prominent in the linear
growth region. It is going to take additional experiments and ad-
ditional computations of three-dimensional configurations before
a definitive understanding of three-dimensional transitional flow
emerges.
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